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Conceptually different from the decoherence program, we present a novel theoretical approach to macro-
scopic realism and classical physics within quantum theory. It focuses on the limits of observability of quantum
effects of macroscopic objects, i.e., on the required precision of our measurement apparatuses such that quantum
phenomena can still be observed. First, we demonstrate that for unrestricted measurement accuracy no classi-
cal description is possible for arbitrarily large systems. Then we show for a certain time evolution that under
coarse-grained measurements not only macrorealism but even the classical Newtonian laws emerge out of the
Schro¨dinger equation and the projection postulate.
Quantum physics is in conflict with a classical world view
both conceptually and mathematically. The assumptions of
a genuine classical world—local realism and macroscopic
realism—are at variance with quantum mechanical predic-
tions as characterized by the violation of the Bell and Leggett–
Garg inequality, respectively [1, 2]. Does this mean that the
classical world is substantially different from the quantum
world? When and how do physical systems stop to behave
quantumly and begin to behave classically? Although ques-
tions like these date back to Schro¨dinger’s famous cat pa-
per [3], the opinions in the physics community still differ dra-
matically. Various views range from the mere experimental
difficulty of sufficiently isolating any system from its environ-
ment (decoherence) [4] to the principal impossibility of super-
positions of macroscopically distinct states due to the break-
down of quantum physical laws at some quantum-classical
border (collapse models) [5].
Macrorealism is defined by the conjunction of two postu-
lates [2]: ”Macrorealism per se: A macroscopic object which
has available to it two or more macroscopically distinct states
is at any given time in a definite one of those states. Non-
invasive measurability: It is possible in principle to determine
which of these states the system is in without any effect on
the state itself or on the subsequent system dynamics.” These
assumptions allow to derive the Leggett–Garg inequalities.
In this Letter—inspired by the thoughts of Peres on the
classical limit [6]—we present a novel theoretical approach
to macroscopic realism and classical physics within quantum
theory. We first show that, if consecutive eigenvalues m of a
spin component can sufficiently be experimentally resolved,
a Leggett–Garg inequality will be violated for arbitrary spin
lengths j and the violation persists even in the limit of in-
finitely large spins. This contradicts the naive assumption that
the predictions of quantum mechanics reduce to those of clas-
sical physics when a system becomes ”large” and was demon-
strated for local realism by Garg and Mermin [7]. Note that
due to the resolution of consecutive eigenvalues one cannot
speak about violation of macrorealism. If, however, for a cer-
tain time evolution one goes into the limit of large spin lengths
but can experimentally only resolve eigenvalues m which are
separated by much more than the square root of the spin length
(the intrinsic quantum uncertainty), i.e., ∆m ≫ √ j, the macro-
scopically distinct outcomes appear to obey classical (New-
tonian) laws. This suggests that macrorealism and classical
laws emerge out of quantum physics under the restriction of
coarse-grained measurements.
While our approach is not at variance with the decoherence
program, it differs conceptually from it. It is not dynami-
cal and puts the stress on the limits of observability of quan-
tum effects of macroscopic objects. The term ”macroscopic”
throughout the paper is used to denote a system with a high
dimensionality rather than a low-dimensional system with a
large parameter such as mass or size.
Consider a physical system and a quantity Q, which when-
ever measured is found to take one of the values ±1 only.
Further consider a series of runs starting from identical ini-
tial conditions such that on the first set of runs Q is mea-
sured only at times t1 and t2, only at t2 and t3 on the sec-
ond, at t3 and t4 on the third, and at t1 and t4 on the fourth
(0 ≤ t1 < t2 < t3 < t4). Introducing temporal correla-
tions Ci j ≡ 〈Q(ti) Q(t j)〉, any macrorealistic theory predicts
the Leggett–Garg inequality [2]
K ≡ C12 +C23 +C34 −C14 ≤ 2 . (1)
This inequality is violated, e.g., by the precession of a spin- 12
particle with the Hamiltonian ˆH = 12 ω σˆx with ω the angu-
lar precession frequency and σˆx the Pauli x-matrix. (We use
units in which the reduced Planck constant is ~ = 1). Measur-
ing the spin along the z-direction, we obtain the correlations
Ci j = 〈σˆz(ti) σˆz(t j)〉 = cos[ω(t j−ti)]. Choosing, e.g., equidis-
tant measurement times with time difference ∆t = pi/4ω,
ineq. (1) is violated as K = 2√2, which is understandable
since a spin- 12 particle is a genuine quantum object. In con-
trast, any rotating classical spin vector always satisfies the in-
equality.
In the following, we show that the Leggett–Garg inequality
(1) is violated for arbitrarily large spin lengths j. As the first
measurement will act as a preparation of the state for the sub-
2sequent measurement, the initial state is not decisive and it is
sufficient to consider the maximally mixed state
ρˆ(0) ≡ 1
2 j + 1
∑ j
m=− j |m〉〈m| =
1
2 j + 1 (2)
with 1 the identity operator and |m〉 the ˆJz (spin z-component)
eigenstates. The Hamiltonian be
ˆH = ˆJ2/2I + ω ˆJx , (3)
where ˆJ is the rotor’s total spin vector operator, ˆJx its x-
component, I the moment of inertia and ω the angular pre-
cession frequency. Here, ˆJ2/2I commutes with the individual
spin components and does not contribute to the time evolution.
The solution of the Schro¨dinger equation produces a rotation
about the x-axis, represented by the time evolution operator
ˆUt = e−iωt ˆJx with t the time. We define the parity measurement
ˆQ ≡ ∑ j
m=− j(−1) j−m |m〉〈m| =eipi( j− ˆJz) with possible dichotomic
outcomes ± (identifying ± ≡ ±1). The correlation function
between results of the parity measurement ˆQ at different times
t1 and t2 is C12 ≡ p+ q+|+ + p− q−|− − p+ q−|+ − p− q+|−, where
p+ (p−) is the probability for measuring + (−) at t1 and ql|k is
the probability for measuring l at t2 given that k was measured
at t1 (k, l = +,−). Furthermore, p+ = 1 − p− = 12 (〈 ˆQt1〉 + 1),
q+|± = 1 − q−|± = 12 (〈 ˆQt2〉± + 1). Here 〈 ˆQt1〉 is the expectation
value of ˆQ at t1 and 〈 ˆQt2 〉± is the expectation value of ˆQ at t2
given the outcome ± at t1.
Using ρˆ(t1) = ˆUt1 ρˆ(0) ˆU†t1 = ρˆ(0), we find 〈 ˆQt1〉 ≡
Tr[ρˆ(t1) ˆQ] ≈ 0. The approximate sign is accurate for half in-
teger j and in the macroscopic limit j ≫ 1, which is assumed
from now on. Hence, as expected we have p+ = 12 . Depend-
ing on the measurement result at t1, the state is reduced to
ρˆ±(t1) ≡ ˆP± ρˆ(t1) ˆP±/Tr[ ˆP± ρˆ(t1) ˆP±] = (1 ± ˆQ)/(2 j + 1) with
ˆP± ≡ 12 (1 ± ˆQ) the projection operator onto positive (nega-
tive) parity states. Denoting ∆t ≡ t2 − t1 and θ ≡ ω∆t, we
obtain 〈 ˆQt2 〉± ≡ Tr[ ˆU∆t ρˆ±(t1) ˆU†∆t ˆQ] = ±Tr[e2iθ
ˆJx]/(2 j + 1) =
± sin[(2 j + 1)ω∆t]/(2 j + 1) sin[ω∆t].
From 〈 ˆQt2 〉+ = −〈 ˆQt2〉− it follows q+|++q+|− = 1. Using this
and p+ = 12 , the temporal correlation becomes C12 = 〈 ˆQt2 〉+.
With equidistant times, time distance ∆t, and the abbreviation
x ≡ (2 j + 1)ω∆t the Leggett–Garg inequality (1) reads
K ≈ 3 sin x
x
− sin 3x3x ≤ 2 . (4)
The sine function in the denominator was approximated, as-
suming x2 j+1 ≪ 1. Inequality (4) is violated for all positive
x . 1.656 and maximally violated for x ≈ 1.054 where
K ≈ 2.481 (compare with Ref. [6] for the violation of local re-
alism). We can conclude that a violation of the Leggett–Garg
inequality is possible for arbitrarily high-dimensional systems
and also for totally mixed states, given that consecutive values
of m can be resolved.
In the second part of the paper we will show that inaccurate
measurements not only lead to validity of macrorealism but
even to the emergence of classical physics.
In quantum theory any two different eigenvalues m1 and m2
in a measurement of a spin’s z-component correspond to or-
thogonal states without any concept of closeness or distance.
The terms ”close” or ”distant” only make sense in a classical
context, where those eigenvalues are treated as close which
correspond to neighboring outcomes in the real configuration
space. For example, the ”eigenvalue labels” m and m+1 of
a spin observable correspond to neighboring outcomes in a
Stern-Gerlach experiment. (Such observables are sometimes
called classical or reasonable [6, 8].) It is those neighboring
eigenvalues which we conflate to coarse-grained observables
in measurements of limited accuracy. It seems thus unavoid-
able that certain features of classicality have to be assumed
beforehand.
In what follows we will first consider the special case of
a single spin coherent state and then generalize the tran-
sition to classicality for arbitrary states. Spin- j coherent
states |ϑ, ϕ〉 [9] are the eigenstates with maximal eigenvalue
of a spin operator pointing into the (ϑ, ϕ)-direction, where
ϑ and ϕ are the polar and azimuthal angle, respectively:
ˆJ |ϑ, ϕ〉 = j |ϑ, ϕ〉. At time t = 0 let us consider |ϑ0, ϕ0〉 =∑
m
(
2 j
j+m
)
1/2 cos j+m ϑ02 sin
j−m ϑ0
2 e
−imϕ0 |m〉. Under time evolu-
tion ˆUt = e−iωt ˆJx the probability that a ˆJz measurement at
time t has outcome m is p(m, t) = |〈m|ϑ, ϕ〉|2 with cosϑ =
sinωt sinϑ0 sin ϕ0 + cosωt cosϑ0, where ϑ and ϕ are the po-
lar and azimuthal angle of the (rotated) spin coherent state
|ϑ, ϕ〉 at time t. In the macroscopic limit, j ≫ 1, the binomial
can be well approximated by a Gaussian distribution
p(m, t) ≈ 1√
2piσ
e−(m−µ)
2/2σ2 (5)
with σ ≡
√ j/2 sinϑ the width and µ ≡ j cosϑ the mean.
Under the ”magnifying glass” of sharp measurements we
can see separate eigenvalues m and resolve the Gaussian prob-
ability distribution p(m, t), as shown in Fig. 1(a). Let us now
assume that the resolution of the measurement apparatus, ∆m,
is finite and subdivides the 2 j + 1 possible outcomes m into
a smaller number of 2 j+1
∆m
coarse-grained ”slots”. If the slot
size is much larger than the standard deviation σ ∼ √ j, i.e.,
∆m ≫ √ j, the sharply peaked Gaussian cannot be distin-
guished anymore from the discrete Kronecker delta,
∆m ≫
√
j : p(m, t) → δm¯,µ¯ , (6)
where m¯ is numbering the slots (from − j + ∆m2 to j − ∆m2 in
steps ∆m) and µ¯ is the number of the slot in which the cen-
ter µ of the Gaussian lies, as indicated in Fig. 1(b). In the
limit of infinite dimensionality, j → ∞, one can distinguish
two cases: (1) If the inaccuracy ∆m scales linearly with j, i.e,
∆m = O( j), the discreteness remains. (2) If ∆m scales slower
than j, i.e., ∆m = o( j) but still ∆m ≫ √ j, then the slots seem
to become infinitely narrow. Pictorially, the real space length
of the eigenvalue axis, representing the 2 j + 1 possible out-
comes m, is limited in any laboratory, e.g., by the size of the
observation screen after a Stern–Gerlach magnet, whereas the
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FIG. 1: An initial spin- j coherent state |ϑ0, ϕ0〉 precesses into the co-
herent state |ϑ, ϕ〉 at time t under a quantum time evolution. (a) The
probability p(m, t) for the outcome m in a measurement of the spin’s
z-component is given by a Gaussian distribution with width σ and
mean µ, which can be seen under the magnifying glass of sharp mea-
surements. (b) The measurement resolution ∆m is finite and subdi-
vides the 2 j + 1 possible outcomes into a smaller number of coarse-
grained ”slots”. If the measurement accuracy is much poorer than
the width σ, i.e., ∆m ≫ √ j, the sharply peaked Gaussian cannot be
distinguished anymore from the discrete Kronecker delta δm¯,µ¯ where
m¯ is numbering the slots and µ¯ is the slot in which the center µ of
the Gaussian lies. (c) In the limit j → ∞ the slots seem to become
infinitely narrow and δm¯,µ¯ becomes the Dirac delta function δ(m¯−µ¯).
number of slots grows with j/∆m. Then, in the limit j → ∞,
the Kronecker delta becomes the Dirac delta function,
∆m ≫
√
j & j → ∞ : p(m, t) → δ(m¯−µ¯) , (7)
which is shown in Fig. 1(c).
Under a fuzzy measurement the reduced (projected) state
is essentially the state before the measurement. If |ϑ, ϕ〉 is
centered well inside the slot, the disturbance is exponentially
small. Only in the cases where it is close to the border be-
tween two slots, the measurement is invasive. Assuming that
the measurement times and/or slot positions chosen by the ob-
server are statistically independent of the (initial) position of
the coherent state, a disturbance happens merely in the frac-
tion σ/∆m ≪ 1 of all measurements. This is equivalent to
the already assumed condition
√ j ≪ ∆m. Therefore, fuzzy
measurements of a spin coherent state are largely non-invasive
such as in any macrorealistic theory, in particular classical
Newtonian physics. Small errors may accumulate over many
measurements and eventually there might appear deviations
from the classical time evolution. This, however, is unavoid-
able in any explanation of classicality gradually emerging out
of quantum theory. To which extent this effect is relevant for
our every-day experience is an open issue [13].
Hence, at the coarse-grained level the physics of the (quan-
tum) spin system can completely be described by a ”new”
formalism, utilizing a (classical) spin vector J at time t =
0, pointing in the (ϑ0, ϕ0)-direction with length J ≡ |J| =√ j( j+1) ≈ j, where j ≫ 1, and a (Hamilton) function
H = J2/2I + ω Jx . (8)
At any time the probability that the spin vector’s z-component
J cosϑ ≈ j cosϑ is in slot m¯ is given by δm¯,µ¯, eq. (6), as if the
time evolution of the spin components Ji (i = x, y, z) is given
by the Poisson brackets, ˙Ji = [Ji, H]PB, and measurements are
non-invasive. Only the term ω Jx in eq. (8) governs the time
evolution and the solutions correspond to a rotation around the
x-axis. In the proper continuum limit the spin vector at time t
points in the (ϑ, ϕ)-direction where ϑ and ϕ are the same as for
the spin coherent state and the prediction is given by δ(m¯−µ¯),
eq. (7). This is classical (Newtonian) mechanics.
Finally, we show that the time evolution of any spin- j quan-
tum state becomes classical under the restriction of coarse-
grained measurements. At all times any (pure or mixed) spin-
j density matrix can be written in the diagonal form [11]
ρˆ =
"
Ω
f (ϑ, ϕ) |ϑ, ϕ〉〈ϑ, ϕ| d2Ω (9)
with d2Ω ≡ sinϑ dϑ dϕ the infinitesimal solid angle element
and f (ϑ, ϕ)—usually known as P-function—a not necessarily
positive real function (normalization
!
Ω
f (ϑ, ϕ) d2Ω = 1).
The probability for an outcome m in a ˆJz measurement
in the state (9) is P(m) =
!
Ω
f (ϑ, ϕ) p(m) d2Ω, where p(m)
is given by eq. (5). At the coarse-grained level of classical
physics only the probability for a slot outcome m¯ can be mea-
sured, i.e., ¯P(m¯) ≡ ∑m∈{m¯}P(m) with {m¯} the set of all m be-
longing to m¯. For ∆m ≫ √ j and large j this can be well
approximated by
¯P(m¯) ≈
∫ 2pi
0
∫ ϑ2(m¯)
ϑ1(m¯)
f (ϑ, ϕ) sinϑ dϑ dϕ , (10)
where ϑ1(m¯), ϑ2(m¯) are the borders of the polar angle re-
gion corresponding to a projection onto m¯. We will show that
¯P(m¯) can be obtained from a positive probability distribution
of classical spin vectors. Consider the function
g(ϑ, ϕ) ≡ 2 j + 1
4 pi
"
Ω′
f (ϑ′, ϕ′) cos4 j Θ2 d2Ω′ (11)
with d2Ω′ ≡ sinϑ′ dϑ′ dϕ′ and Θ the angle between the di-
rections (ϑ, ϕ) and (ϑ′, ϕ′). The distribution g(ϑ, ϕ) is positive
(and normalized) because it is, up to a normalization factor,
the expectation value Tr[ρˆ |ϑ, ϕ〉〈ϑ, ϕ|] = 〈ϑ, ϕ| ρˆ |ϑ, ϕ〉 of the
state |ϑ, ϕ〉. It is usually known as the Q-function [12].
For fuzzy measurements with inaccuracy ∆Θ ∼ ϑ2(m¯) −
ϑ1(m¯) ≫ 1/
√ j, which is equivalent to ∆m ≫ √ j, the proba-
bility for having an outcome m¯ can now be expressed only in
terms of the positive distribution g:
¯P(m¯) ≈
∫ 2pi
0
∫ ϑ2(m¯)
ϑ1(m¯)
g(ϑ, ϕ) sinϑ dϑ dϕ . (12)
4The approximate equivalence of eqs. (10) and (12) is shown
by substituting eq. (11) into (12). Note, however, that g is
a mere mathematical tool and not experimentally accessible.
Operationally, because of ∆m ≫ √ j an averaged version of
g, denoted as h, is used by the experimenter to describe the
system in the classical limit. Mathematically, this function h
is obtained by integrating g over solid angle elements corre-
sponding to the measurement inaccuracy. Without the ”mag-
nifying glass” the regions given by the experimenter’s resolu-
tion become ”points” on the sphere where h is defined. Thus,
a full description is provided by an ensemble of classical spins
with the probability distribution h.
The time evolution of the general state (9) is determined by
(3). In the classical limit it can be described by an ensemble
of classical spins characterized by the initial distribution g (h),
where each spin is rotating according to the Hamilton function
(8). From eq. (12) one can see that for the non-invasiveness
at the classical level it is the change of the g (h) distribu-
tion which is important and not the change of the quantum
state or equivalently f itself. In fact, upon a fuzzy ˆJz mea-
surement the state ρˆ is reduced to one particular state, say
to ρˆm¯, with the corresponding (normalized) functions fm¯, gm¯
and hm¯. The reduction to ρˆm¯ happens with probability ¯P(m¯),
which is given by eq. (10) or (12). Whereas the f -function can
change dramatically upon reduction, gm¯ is (up to normaliza-
tion) approximately the same as g in the region Ωm¯ between
two circles of latitude corresponding to the slot m¯ and zero
outside. If ˆQm¯ ≡ ∑m∈{m¯} |m〉〈m| denotes the projector onto the
slot m¯, then ˆQm¯ |ϑ, ϕ〉 is almost zero (|ϑ, ϕ〉) for all coherent
states lying outside (inside) Ωm¯. Thus, gm¯ ∝ 〈ϑ, ϕ| ρˆm¯ |ϑ, ϕ〉 ∝
〈ϑ, ϕ| ˆQm¯ ρˆ ˆQm¯ |ϑ, ϕ〉 ≈ 〈ϑ, ϕ| ρˆ |ϑ, ϕ〉 ∝ g inside and almost
zero outside. Hence, at the coarse-grained level the distribu-
tion gm¯ (hm¯) of the reduced state after the measurement can
always be understood approximately as a subensemble of the
(classical) distribution g before the measurement. Effectively,
the measurement only reveals already existing properties in
the mixture and does not alter the subsequent time evolution
of the individual classical spins.
The disturbance at that level is quantified by how much
gm¯ differs from a function which is (up to normalization) g
within Ωm¯ and zero outside. One may think of dividing all
g distributions into two extreme classes, i.e., the ones which
show narrow pronounced regions of size comparable to indi-
vidual coherent states and the ones which change smoothly
over regions larger or comparable to the slot size. The for-
mer is highly disturbed but in an extremely rare fraction of
all measurements. The latter is disturbed in general in a sin-
gle measurement but to very small extent, as the weight on
the slot borders (∝ √ j) is small compared to the weight well
inside the slot (∝ ∆m). (In the intermediate cases one has a
trade-off between these two scenarios.) The typical fraction
of these weights is
√ j/∆m ≪ 1. Thus, in any case classicality
arises with overwhelming statistical weight.
Conclusion.—We showed that the time evolution of an ar-
bitrarily large spin cannot be understood classically, as long
as consecutive outcomes in a spin component measurement
are resolved. For certain Hamiltonians, given the limitation of
coarse-grained measurements, not only is macrorealism valid,
but even the Newtonian time evolution of an ensemble of clas-
sical spins emerges out of a full quantum description of an ar-
bitrary spin state—even for isolated systems. This suggests
that classical physics can be seen as implied by quantum me-
chanics under the restriction of fuzzy measurements.
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